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1.
[11] [12] . $N$ , $\mathbb{R}$
, $\mathbb{R}_{+}=[0, \infty)$ , (X, d) $Y$ $d|_{Y}$ .
. ,
(cf. [6], [17]).
asympototic Gromov [13] .
Definition 1.1 (asymptotic ). (X, d) . asdim$(X, d)\leq n$
, $r>0$ $X$ $u=$ $\cup\cdots\cup u_{n}$ $R>0$
.
(1) $U\in?\downarrow$ , diam $U<R$.
(2) $i=0,$ $\ldots$ , $n$ $U,$ $U’\in$ , $d(U, U’)>r$ .
asdim$(X, d)\leq n$ asdim$(X, d)\not\leq n-1$ as$\dim(X, d)=n$ .
, $G$ , Cayley Cay$(G)$ (Cayley
[2] ), $d$
, asdim $G=$ asdim(Cay$(G),$ $d$) . Cayley
, asymptotic $G$ .
Remark 1.2. asymptotic (cf. [1]).
(1) $as\dim(\mathbb{R}^{n}, d_{n})=n$ .
$()Y\subset X$ , $as\dim(Y, d|_{Y})\leq as\dim(X, d)$ .
(3 $r>0$ $Y$ $($X, d) $r$ , asdim$(Y, d|_{Y})=$
$as\dim(X, d)$ .
(4) as$\dim(X\cross Y, d_{X}+d_{Y})\leq as\dim(X,$ $d_{X})+$ asdim$(Y, d_{Y})$ .
asymptotic .
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Theorem 1.3 ([21]). $\Gamma$ asdim $\Gamma<\infty$ . ,
$\Gamma$ Novikov Gromov-Lawson .
, asymptotic Novikov Gromov-Lawson
. asymptotic Dranishnikov
([1] ).
Definition 1.4 (CAT$(O)$ $(cf.[3])$ ). $(X, d)$ .
(1) (X, d) geodesic space , $x,$ $y\in X$
$\xi$ : $[0,$ $d(x, y)]arrow X$ . $\xi([0,$ $d(x,$ $y)])$ $[X, y]_{X}$
.
(2) $(X, d)$ geodesic space, $x,$ $y,$ $z\in X,$ $T=[x, y]_{X}\cup[y, z]_{X}\cup[z,$ $x]_{X}$
. , $d(x, y)=\Re_{2}(\overline{x}, \overline{y}),$ $d(y, z)=\mathbb{R}2(\overline{y},\overline{z})$ , $d(z, x)=k2(\overline{z}, \overline{x})$
, $\overline{y},$ $\overline{z}\in \mathbb{R}^{2}$ . $\overline{T}=[\overline{x},\overline{y}]_{\mathbb{R}^{2}}\cup[\overline{y}, \overline{z}]_{F^{2}}.\cup[\overline{z}, \overline{x}]_{\mathbb{R}^{2}}$ $T$
. , $z\in T$ $\overline{z}\in\overline{T}$ .
, $z\in[x, y]_{X}$ $d(x, z)=d_{\mathbb{R}^{2}}(\overline{x},\overline{z})$ $\overline{z}\in[\overline{x},\overline{y}]_{\mathbb{R}^{2}}$
.






Definition 1.5 $($CAT$(O)$ $)$ . $G$ .
(1) $G$ $($X, $d)$ ,
$($a$)$ $G$ .
(b) $r\geq 0$ $x\in X$ , $\{g\in G|d(x, gx)\leq r\}$ .
(c) $K\subset X$ , $X= \bigcup_{g\in G}gK$ .
.
(2) $G$ CAT(0) , $G$ CAT(0) $($X, d$)$
.
$G$ $(X, d)$ , asdim $G$ $=$
asdim $($X, d$)$ .
asymptotic
. $[$ 1 $]$ .
Theorem 1.6 ([9], [17]). $G$ , (X, d)
. ,
(1) $G$ Coxeter (Coxeter [5] ) ,
asdim$(X, d)<\infty$ . , as$\dim G<\infty$ ([9]).
(2) $($X, d$)$ (Gromov ) ( $[$ 15$]$
) , asdim$(X, d)<\infty$ . , as$\dim G<\infty$
([17]).
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Theorem 1.7 ([19]). $G$ , CAT(0) (X, d)
. , $X$ $\partial X$ ( $[$3$]$ ,
$[$ 15 $]$ ) . , $\dim\partial G<\infty$ .
2 , .




Question 1.9. Does every CAT(0) manifold have finite asymptotic dimension 9
CAT(0) AR , CAT(0) ,
.
Question 1.10. Does every CAT(0) space which is homeomorphic to $\mathbb{R}^{n}$ have
finite asymptotic dimension?
Question 1.9 1.10 , , $n=1,2$
Question 1.9 1.10 . , Question 1.10
$n=1$ asymptotic 1 .
Question 1.10 $n=2$
. Question 1.8, Question 1.9
.
2.
Notation 2.1. $(X, d)$ , $x\in X,$ $r\geq 0$ .
$B(x,r)=\{y\in X:d(x,y)\leq r\}$
$S(x, r)=\{y\in X:d(x, y)=r\}$
.
$(X,$ $d)$ CAT(0) . , $B(x,$ $r)$ $B(x,$ $r)\backslash S(x,$ $r)$
$x$ , $B(x,$ $r)$ $B(x,$ $r)\backslash S(x,$ $r)$ AR .




Theorem 2.2. Let (X, d) be a proper CAT(0) space which is homeomorphic to
$\mathbb{R}^{2}$ . Then, $S(x, r)$ is homeomorphic to $S^{1}$ for all $x\in X$ and all $r>0$ .
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Remark 2.3. $(X, d)$ proper CAT(O) , $x\in X,$ $k\in \mathbb{N}$ . $[x, z]_{X}\subset$
$B(x, k+1)$ $p_{k}([x, z]_{X})\subset[x, z]_{X},$ $p_{k}(S(x, k+1))=S(x, k),$ $p_{k}|_{B(x,k)}=id$
$p_{k}:B(x, k+1)arrow B(x, k)$ .
$X\cup\partial X$ $X$ ,
$X \cup\partial X\cong\lim_{arrow}\{B(x, k),p_{k-1}\}$
$\partial X\cong\lim_{arrow}\{S(x,$ $k),p_{k-1}|_{S(x,k)}\}$
.
$p_{k-1}|_{S(x_{1}k)}:S(x,$ $k)arrow S(x,$ $k-1)$ arc
.
Corollary 2.4 ([4]). If (X, d) is a proper CAT(0) space which is homeomorphic
to $\mathbb{R}^{2_{f}}$ then the boundary $\partial X$ of $X$ is homeomorphic to $S^{1}$ .
, .
Theorem 2.5 (Gromov). Let $G$ be a group and let $(X_{i}, d_{i})(i=0,1)$ be a proper
hyperbolic space such that $G$ acts geometri cally on $X_{i}$ for $i=0,1$ . Then $\partial X_{0}$ is
homeomorphic to $\partial X_{1}$ .
Theorem 2.6 $([$16$])$ . Let $G$ be a group and let $(X_{i},$ $d_{i})$ be a proper CAT(0) space
such that $G$ acts geometrically on $X_{i}$ for $i=0,1$ . Then $\partial X_{0}$ and $\partial X_{1}$ are shape
equivalent.
Theorem 2.7 ([20]). There exist a group $G$ and a proper CAT(0) space $X(\alpha)$
$(0<\alpha\leq\pi/2)$ such that
(1) $G$ acts geometrically on $X(\alpha)(0<\alpha\leq\pi/2)$
(2) $\partial X(\alpha)\cong\partial X(\beta)$ if and only if $\alpha=\beta$ .
3. ASYMPTOTiC
.
Theorem 3.1. Let (X, d) be a proper CAT(0) space which is homeomorphic to
$\mathbb{R}^{2}$ . Then, as$\dim(X, d)=2$ .
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Example 3.2. $\mathbb{R}^{2}$ 1 $n$ 2-cell .
2-cell ( $n$ ), 2-cell 1
$\mathbb{R}^{2}$ 2-complex $X$
. 2-complex $X$ $2\pi$




Corollary 3.3. Let $(W, S)$ be a Coxeter system. If the boundary $\partial\Sigma(W, S)$ of the
Davis complex $\Sigma(W, S)$ is homeomorphic to $S^{1}$ , then asdim $W=2$ .
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